We develop a variational approach to calculate the density response function at finite temperatures of the lowest-lying two-fluid modes in a trapped two-component Fermi superfluid close to a Feshbach resonance. The out-of-phase oscillations, which are the analogue in trapped gases of second sound in uniform superfluids, have so far not been observed in cold-atom experiments. At unitarity, we show that these modes are observable at finite temperatures via two-photon Bragg scattering, whose spectrum is related to the imaginary part of density response function. This provides direct evidence for superfluidity and a promising way to test microscopic results for thermodynamics at unitarity. There is growing experimental evidence [1, 2, 3] that trapped Fermi gases close to a Feshbach resonance are in the collisional hydrodynamic regime. It has been argued that the finite temperature dynamics in this region should be described by the Landau two-fluid hydrodynamic equations [4] . Landau's two-fluid hydrodynamics [5, 6] describes the coupled dynamics of the superfluid and normal fluid components when collisions produce a state of local thermodynamic equilibrium. A Feshbach resonance can be used to increase the magnitude of the s-wave scattering length between Fermi atoms in two different hyperfine states. Thus, close to the unitarity limit where the scattering length diverges, the Landau twofluid description of finite temperature collisional dynamics of trapped Fermi superfluids is expected to be valid. In a recent paper [7] , we have used a variational approach to calculate the two-fluid dipole and breathing modes. In this Letter, we extend this variational theory to calculate the density response function given by Landau's two-fluid hydrodynamics in a trapped Fermi gas at unitarity. We propose that two-photon Bragg scattering [8] (which has been used to study the collisionless region [9, 10, 11] ) is an ideal tool to probe Landau two-fluid behaviour.
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The most spectacular prediction of Landau's two-fluid hydrodynamics is the existence of second-sound, an outof-phase oscillation of the normal and superfluid components. Due to weak interactions, this region has never been probed in Bose-condensed gases. For a strongly interacting Fermi gas near unitarity, one can show that the recent studies of breathing modes have probed the in-phase two-fluid mode [1, 12, 13] since only this mode is excited by modulating the harmonic confining potential. We have shown in Ref. [7] that the frequency of this in-phase mode is temperature independent at unitarity. This result explains why these experiments are well explained by the oscillations of a pure superfluid at T = 0 [14, 15, 16] . The out-of-phase modes predicted by two-fluid hydrodynamics in trapped Fermi gases at finite temperatures are much more interesting, being the analogue of second sound.
The Bragg scattering cross section is proportional to the imaginary part Imχ ρρ (q, Ω) of the density response function, where q and Ω are the wave vector and frequency difference between two laser beams. In experiments done so far on trapped Bose gases, Bragg scattering has been used both in the large q (≡ |q|) region (qR T F ≫ 2π, R T F being the smallest Thomas-Fermi radius of the condensate) where the phonon excitations characteristic of uniform systems are probed [11] , and in the small q region such that qR T F ∼ O(1) [9] . In the latter region, the wavelength λ = 2π/q of the Bragg beams is comparable to the size of the condensate, and therefore the lowest energy normal modes can be excited.
The variational approach we develop (see also Ref. [4] ) is well suited for dealing with the two-fluid hydrodynamics at finite temperatures in a spatially non-uniform trapped Fermi gas. We concentrate on the BCS-BEC crossover at unitarity since this is perhaps the most interesting region. However, our formalism is applicable away from unitarity as long as the collisions are strong enough to produce local equilibrium. Our new results show that the density response spectrum exhibits well defined resonances corresponding to the out-of-phase oscillations at temperatures of the order 0.5T c in the superfluid phase. The frequencies and spectral weights of the out-of-phase modes are very dependent on the temperature. The weight vanishes both at T = 0 and above T c . The in-phase hydrodynamic modes frequencies are independent of temperature [7] but the spectral weights change with T .
Out-of-phase mode frequencies. -Before discussing the density response function, we need to review the variational theory [4, 7] for the solutions of the Landau twofluid equations. This is based on an action S (2) 0 that describes fluctuations in the displacement fields u s , u n defined by v s ≡u s and v n ≡u n , where v s and v n are the superfluid and normal fluid velocities, respectively. The stationary point of the action gives the solutions of the linearized Landau two-fluid differential equations and hence, the two-fluid hydrodynamic mode frequencies.
Following Refs. [4, 7] , we make a physically motivated ansatz for the displacement fields for the low energy hydrodynamic modes in trapped gases based on the known exact solutions for a pure superfluid (T = 0) and a normal fluid (T > T c ). In these two limits, the exact solutions are of the same form. For the dipole mode, characterized by displacements of the centre-ofmasses of the normal and superfluid components along one of the axes of the harmonic trap (we choose the z axis), we use u s,n (r, t) = ω e −iωt a s,n (ω)ẑ, whereẑ is the unit vector along the z axis. For the breathing mode in an isotropic trap, we use the scaling ansatz u s,n (r, t) = ω e −iωt a s,n (ω)r. For both these modes, the action can be written in terms of the variational parameters a s and a n as
where we have defined the 2 × 2 matrix A as
and the superscript "T " denotes the transpose of the two component spinor. The superfluid and normal fluid mass moments, M s and M n , as well as the "spring constants" k s , k n , and k sn , depend on the choice of ansatz for different normal modes [4, 7] . These are given below for the dipole and breathing modes. The variational solutions (denoted by the superscript "L") of the Landau two-fluid equations are given by
The frequencies of the in-phase (ω 1 ) and out-of-phase (ω 2 ) modes are thus given by the solution of detA(ω) = 0. As shown in Ref. [7] , for both the dipole and breathing modes at unitarity, the in-phase and out-of-phase modes are described by the displacements a s = a n and M s a s + M n a n = 0, respectively.
For the dipole mode, one finds
Here, ρ s0 and ρ n0 ≡ ρ 0 − ρ s0 are the equilibrium superfluid and normal fluid densities, respectively. Using these results, the in-phase dipole mode is just the generalized Kohn mode with frequency ω 1D = ω 0 equal to the trap frequency at all temperatures. The frequency of the out-of-phase dipole oscillation is
where
At unitarity, the universal nature of the thermodynamics [17] 
The frequency of the in-phase mode at unitarity is independent of temperature, given by ω 1B = 2ω 0 [18] . The frequency of the out-of-phase mode is
with the breathing mode reduced mass M Density response function. -The two-photon Bragg scattering spectrum is well known to be directly related to the imaginary part of the density response function χ ρρ (q, Ω) [11, 19] . This in turn is related to the antisymmetric part of the dynamic structure factor S(q, Ω),
where N is the number of Fermi atoms. This formalism is valid in both the collisionless and hydrodynamic regions. In this Letter, we concentrate on the contribution to S A from the hydrodynamic dipole and breathing modes in trapped gases. To find the density response function χ ρρ (q, Ω), we consider an external potential of Bragg beams which excites modes of frequency Ω and wavevector q: V pert (r, t) = V q,Ω e i(q·r−Ωt) . Assuming this is a weak perturbation, there will be a density response of the form
which defines the linear density response function χ ρρ . Our task is to find the structure of χ ρρ (q, Ω) imposed by the Landau two-fluid equations in the presence of both V pert and the trap potential. The Bragg perturbing potential generates an extra term S (2) pert = − drdt[V pert (r, t)δρ + (r, t)+h.c.] in the action, with δρ(r, t) = −∇·[ρ s0 (r)u s (r, t) + ρ n0 (r)u n (r, t)] being the density fluctuation operator [4] . Thus, (10) with the weighting factors
for the dipole (D) and isotropic breathing modes (B). The variational solutions of the Landau two-fluid equations are now given by Eq. (3), using the action S
0 + S
pert . It is straightforward to show that this gives (a
T V q,Ω for the variational parameters describing the two-fluid modes. Hence, the density response of the Landau two-fluid equations, δρ L (q, Ω) = − [F s (q)a s (Ω) + F n (q)a n (Ω)], is given by Eq. (9) but now we have an explicit expression for the density response function in the Landau two-fluid region,
where [A −1 (Ω)] αβ (α, β = s, n) denotes the αβ element of the inverse of the matrix A(Ω) defined in Eq. (2).
Using Eq. (2) in Eq. (12), the density fluctuation spectrum given by Eq. (8) becomes (for Ω > 0),
and the relative weight of the in-phase mode ω 1 is given by
The functions F n,s (q) are defined in Eq. (11) . The out-of-phase mode ω 2 in Eq. (13) has relative weight Z 2 (q) ≡ 1 − Z 1 (q). Equations (13) and (15) (13), describing the density response function predicted by Landau two-fluid hydrodynamics, is the key result of this Letter. It is the natural generalization of the well-known expression [20] for a uniform superfluid, to be discussed shortly.
Numerical results for S H A (q, Ω) for the dipole and breathing modes for several different temperatures are shown in Fig. 1 . We use the thermodynamic functions and superfluid density for a uniform superfluid given in Ref. [7] and use a local density calculation approximation to calculate these quantities in a trapped gas. The results are quite dependent on the momentum transfer q = 2π/λ for the Bragg pulse. This is shown in Fig. 2 , which compares S H A (q, Ω) for several different values of q, at the temperature T = 0.7T c . In Figs. 1 and 2 , the width of the resonances is taken to be 0.02ω 0 . In experiments, the width will go as 2π/∆t, where ∆t is the Bragg pulse duration (see, for example, Ref. [19] ).
As T →0, M r →M n , and the weights of both the inphase dipole and breathing modes goes to unity, Z 1 → In understanding S A (q, Ω) in both uniform and trapped gases, the well-known f -sum rule [8, 21] is very useful. Quite generally, S A (q, Ω) satisfies the condition
The spectral density S A has contributions from all hydrodynamic modes, as well from high energy excitations not described by the two-fluid equations. For a trapped gas, the two-fluid density response in Eq. (13) gives
which shows that γ q in Eq. (14) describes the relative contribution of a hydrodynamic mode to the f -sum rule for a given value of q. In Fig. 3 , we plot the dependence on q of the weight factor γ q in Eqs. (13) and (15) of the dipole and breathing hydrodynamic modes as well as the weight Z 2 (q) of the out-of-phase modes. These results are for T = 0.7T c and are quite dependent on temperature (as can be seen in Fig. 1 ). The optimal momentum to observe the outof-phase mode is seen to be about 2π/R T F , where the overall weight γ q Z 2 (q) reaches a maximum. As shown in Fig. 3(a) , γ q is significantly reduced from the maximum value of q 2 /4m when q ∼ 2π/R T F . This means that at larger values of q, the spectral weight in S A (q, Ω) is shifting to other low-energy hydrodynamic modes (e.g., quadrupole) as well as high-energy excitations not described by two-fluid hydrodynamics. The successful observation of the out-of-phase modes using Bragg scattering will require trying to find the optimal values of q and T . Using a plane-wave ansatz for the displacement fields, one can verify that Eq. (12) gives the usual two-fluid density response function for a uniform superfluid [20] . In Fig. 4 , we show S H A (q, Ω) for a uniform gas at unitarity, based on the same thermodynamic functions [7] used to compute the density fluctuation spectrum for a trapped gas (using a local density approximation) shown in Figs. 1-3 . For a uniform gas, the poles of S H A (q, Ω) correspond to first and second sound (ω i = c i q), the analogue of the in-phase and out-of-phase modes in a trap which we have been discussing. In a uniform superfluid, the expression for S 
However, the nature of both the in-phase and out-ofphase modes is quite different in traps and there is no simple comparison. In contrast to the results for a trapped gas shown in Fig. 1 , the second sound frequency goes to zero at T c in a uniform gas. The lowest temperature shown in Fig. 4 is 0.4T c , since the weight of second sound is vanishingly small at lower temperatures. However, we note that the second sound velocity c 2 increases to the T = 0 value c 1 / √ 3 ≃ 0.21v F , where c 1 ≃ 0.37v F is equivalent to the Bogoliubov phonon velocity at T = 0 (see, for instance, Ref. [22] ).
Conclusions. -We have proposed that two-photon Bragg scattering is an ideal tool to probe the Landau two-fluid superfluid hydrodynamics in a trapped strongly interacting Fermi gas near unitarity. To this end, we have presented explicit predictions for the density response spectrum which can be measured with available experimental techniques [9, 10, 11] . Previous studies for uniform [17, 22] and trapped [23] gases did not calculate the spectral weights of the hydrodynamic modes in the dynamic structure factor. The observation of second soundlike out-of-phase modes at finite temperatures is one of
